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bstract
The stochastic radiation transfer problem is studied in a finite participating planar continuously random medium. The problem is
onsidered for specular-reflecting boundaries with Rayleigh scattering. The importance Rayleigh scattering arises in the atmospheric
pplications in the form of radiative transfer through clouds or in neutron transport with a quadratic formula of scattering. Such
luttered media should be analyzed in a statistical sense. As a result, the random variable transformation (RVT) technique is used to
btain the average of the solution functions that are represented by the probability-density function (PDF) of the solution process.
he transport equation is solved deterministically to obtain a closed form of the solution as a function of optical depth x  and
ptical thickness L. The solution is used to obtain the PDF of the solution functions by applying the RVT technique among the
nput random variable (L) and the output process (the solution functions). The obtained averages of the solution functions are used
o obtain the complete analytical averages for some interesting physical quantities, namely, reflectivity and transmissivity, at the
edium boundaries. The numerical results are calculated and represented graphically for different probability distribution functions.
 2015 The Author. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
eywords: Stochastic integro-differential radiation transfer equation; Finite participating atmospheric random medium; Rayleigh scattering; RVT
echnique; Specular-reflecting boundaries; Probability distribution functions.  Introduction
Obviously, a real medium requires statistical investi-
ations to emphasize its inhomogeneities. For example,
odern atmospheric models do not include the macro-
copic geometry of atmospheric media. The most∗ Tel.: +20 100 1780 321; fax: +20 50 2246781.
E-mail address: msallahd@mans.edu.eg
eer review under responsibility of Taibah University.
ttp://dx.doi.org/10.1016/j.jtusci.2015.04.008
658-3655 © 2015 The Author. Production and hosting by Elsevier B.V. on b
C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).common approximation of partial randomness involves
the fluctuations of the medium properties, which is a
convenient way of describing its optical and radiative-
transfer properties. Stochastic theory is an important
approach, with radiative transfer in a stochastic media
being a highly active research field in recent years [1–4].
The solution of a stochastic radiative transfer prob-
lem can be obtained when the probability distribution
function (PDF) of the solution can be evaluated. This
evaluation can be achieved by many methods and
techniques, for example, the transformation techniqueehalf of Taibah University. This is an open access article under the
[5], Wiener-Hermite expansion [6], stochastic lin-
earization [7], and stochastic finite element method
[8]. In the transformation technique [9], the PDF of
the solution process is computed whenever the solution
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function can be represented in a closed form in the input
variables. In this case, it can be said that we have a
one-to-one mapping between the solution output and the
random inputs, with a condition that the corresponding
Jacobian of transformation can be evaluated. The use
of this technique is, however, limited according to the
conditions that should be satisfied for the existence of
the random variable transformation (RVT) [10]. Very
recently, the stochastic neutron transport in a fluctuating
reactor was studied [4], where the solution inverse (and
hence the Jacobian) was estimated easily for the case of
semi-infinite media. Due to the difficulties involved in
obtaining one-to-one mapping in the case of a finite pla-
nar media, we attempted to overcome these difficulties
to obtain the PDF of the solution functions in this work.
Generally, stochastic principles are investigated by
using different techniques for different cases. For exam-
ple, Markovian statistics [2] are used for solving discrete
randomly radiative transfer problems; we solved many
related problems (e.g., [11]). For the theory of fluctua-
tions (continuous randomness), Gaussian statistics have
been used in many previous papers [12,13] to obtain the
average solution. What can be used for other probabil-
ity distributions? To answer this question, in this work,
we applied the RVT technique to obtain the average
solution for any probability distribution, either for a half-
space medium [4] or a finite slab plane-parallel medium
(present work).
In this paper, the stochastic radiative transfer prob-
lem is analyzed for a participating finite planar cluttered
medium. The problem is considered for specular-
reflecting boundaries with Rayleigh scattering. The
medium is assumed to be continuously stochastic, that
is, the extinction function is a continuous random func-
tion of position. Consequently, the optical variable x  and
optical thickness L  of the medium are continuously ran-
dom variables. To obtain the average solution over the
medium fluctuations, a solution algorithm used that is
mainly s based on using the RVT technique [4,9]. Fol-
lowing this treatment, the PDF of the solution process is
obtained, and then, one can calculate any statistical quan-
tity related to the solution. In the context of a finite planar
media, the obtained deterministic solution is a combina-
tion of two independent exponential functions. Hence,
determining the inverse of the solution is an impossible
task. For the case of a non-atomic mix, each exponential
solution function can be treated separately to obtain the
corresponding PDF (via RVT), and then, the average is
readily obtained. Therefore, the combination of the two
average solution functions results in the total analytical
average expression for the reflectivity and transmissiv-
ity. The algorithm of the RVT technique is applied to for Science 10 (2016) 227–234
obtain the average solutions for different types of PDF
(exponential, normal Gaussian, gamma). The numeri-
cal results of the average reflectivity and transmissivity
at the medium boundaries are obtained and displayed
graphically.
2.  Basic  equations
The radiative transfer through a finite planar partic-
ipating medium with anisotropic scattering [2] can be
described by(
μ
∂
∂x
+  1
)
I(x, μ) = ω
2
∫ 1
−1
P(μ,  μ′)I(x,  μ′)dμ′,
0 ≤  x  ≤  L,  −  1 ≤  μ ≤  +1 (1)
where I (x, μ) is the radiation intensity, with the optical
space variable x and angular variable μ  (the direction
cosine of the transferred radiation), and ω  is the single
scattering albedo of the medium.
The problem modelled by Eq. (1) is subjected to the
specular reflective boundaries in the form
I(0,  μ) =  F  +  ρs1I(0,  −μ)
I(L,  −μ) =  ρs2I(L,  μ)
,  μ  ≥  0 (2)
where F is the external incident flux on the upper bound-
ary (x  = 0) and ρsi (i  = 1, 2) are the specular reflectivities
of the boundaries. For Rayleigh scattering, the function
P
(
μ, μ′
)
takes the form [14]
P(μ,  μ′) = 3
8
[
(3 −  μ2) +  (3μ3 −  1)μ′2
]
(3)
Deterministically, the Pomraning-Eddington approx-
imation is used to solve the problem. This method
expresses the angular intensity I(x, μ) in the form [15,16]
I(x,  μ) =  E(x)ε(x,  μ) +  F (x)O(x,  μ) (4)
where E(x) is the radiant energy and F(x) is the radiative
net flux, which are defined by
E(x) =
∫ 1
−1
I(x,  μ)dμ  and F (x) =
∫ 1
−1
μI(x,  μ)dμ
(5)
and ε(x, μ) and O(x, μ) are even and odd functions,
respectively, in μ and slowly vary in x. Therefore, the
solution is obtained in the analytical form as
∞ {
I(x,  μ) =  α0
n=0
α1 I3Γ−(μ)e
−I4Γ+(μ)eν(x−2(n+1)L)
}
(6)
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here ν  denotes the roots of the transcendental charac-
eristic equation
8ω
9ν
tanh−1 ν  = ν
4 −  3ων2/8 +  9αω/8
ν4 −  (1 +  α)ν2/3 +  α (7)
nd
α  =  1 −  ω,  α0 = I0
I2I3
,
1 = I1I4
I2I3
, I0 =
∫ 1
0
dμW(μ) (8.a)
1 =
∫ 1
0
W(μ) [Γ+(μ) −  ρs1Γ−(μ)] dμ,
2 =
∫ 1
0
W(μ) [Γ−(μ) −  ρs1Γ+(μ)] dμ,  (8.b)
3 =
∫ 1
0
W(μ) [Γ−(μ) −  ρs2Γ+(μ)] dμ,
4 =
∫ 1
0
W(μ) [Γ+(μ) −  ρs2Γ−(μ)] dμ, (8.c)
ith
±(μ) = 3ω16
[
(3 −  μ2) + α
ν2
(3μ2 −  1)
1 ±  νμ
]
(9)
nd W (μ) is the weight function introduced to force the
oundary conditions given by Eq. (2) to be verified.
Moreover, the reflectivity R  and the transmissivity T
an be obtained from
 =
∫ 1
0
μI(0,  −μ)dμ  and T =
∫ 1
0
μI(L,  μ)dμ
(10)
o obtain their deterministic forms, respectively, as fol-
ows:
 =  α0
∞∑
n=0
αn1(I3Υ+e−2nνL −  I4Υ−e−2(n+1)νL) and
T =  α0(I3Υ− −  I4Υ+)
∞∑
n=0
αn1e
−(2n+1)νL (11)
here
± =
∫ 1
0
μΓ±(μ)dμ  (12)Therefore, we can use the statistical analysis of the
VT technique in the next section to obtain the aver-
ge physical quantities 〈R〉 and 〈T 〉 and their related
tatistical quantities. for Science 10 (2016) 227–234 229
3.  Statistical  analysis
The random variable transformation (RVT) technique
is a powerful method that produces the probability distri-
bution function (PDF) of the solution by using the input
PDF of the random variable characterizing the stochastic
medium, namely, the extinction function σ(z). Usually,
the transport equation is written in terms of the optical
variable of the medium x  (see Eq. (1)) via the integral
transformation [2]
x(z) =
∫ z
0
σ(z′)dz′ (13)
where z represents the geometrical variable inside the
medium, with 0 ≤  z ≤  z0. Hence, the medium optical
thickness is given by
L(z0) =
∫ z0
0
σ(z′)dz′ (14)
The above integral transformations force us to use
the RVT technique on x or L  instead of the extinction
function σ. The statistical technique, RVT, produces the
PDF of the output system by multiplying the input PDF
by the Jacobian of the inverse transformation between
the input and output processes as follows [4].
For an input–output relation of a random variable s
as y  =  φ (s), with fs (s) as the input PDF, then the PDF
of the output can be calculated by the formula
fy(y) =  fs
[
φ−1(y)
]
· |J | (15)
where J is the Jacobian of the inverse transformation
s = φ−1(y), that is, J  = ∂s
∂y
= ∂φ−1(y)
∂y
.
The principle mathematical condition in the RVT
technique is that the transformation function must be
one-to-one. Because most of the solutions are in the
exponential form, let us apply the present stochastic tech-
nique to estimate the average of a general exponential
function in the form
Y (L) =  exp(−kL) (16)
Considering the variability of the random variable,
L, represented by the following PDF cases, we must
calculate the corresponding average of the exponential
function in the form
E(k; ¯L) = 〈Y (L)〉 = 〈exp(−kL)〉 (17)
3.1.  Case  I:  exponential  variability,  i.e.,  L  ∼  exp(λ)In this case, the PDF of L  has the form
fL(L) =
{
λ  exp(−λL) L  ≥  0
0 otherwise ,
 λ  = 1
¯L
(18)
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Using the RVT technique, the PDF of the function (Y)
is
fY (Y ) =
⎧⎪⎨
⎪⎩
λ
k
Y
λ
k
−  1
0 ≤  Y  ≤  1
0 otherwise
(19)
Therefore, the corresponding average value can be
obtained using the above PDF to obtain
E(k; ¯L) = 〈Y〉 =
∫
domain
YfY (Y )dY
= λ/k
1 +  λ/k =
1
1 +  k ¯L (20)
3.2.  Case  II:  normal  Gaussian  variability,  i.e.,
L∼N( ¯L, σ2)
For this variability, the PDF has the Gaussian form
fL(L) = 1
σ
√
2π
exp
[
−1
2
(
L  − ¯L
σ
)2]
, L  ∈  R
(21)
Then, RVT uses this PDF to obtain the PDF of the
function (Y) given as
fY (Y ) =
⎧⎨
⎩
1
kσY
√
2π
exp
[
− 1
2
(
ln Y + k ¯L
kσ
)2]
, Y ≥ 0
0 otherwise
(22)
Hence, the corresponding average value of the func-
tion (Y) can be obtained using the above PDF to give
E(k; ¯L) = 〈Y〉 = exp
[
k
2
(kσ2 −  2 ¯L)
]
(23)
3.3.  Case  III:  gamma  variability,  i.e.,  L  ∼  Γ  (a,  λ)
This PDF is preferable in the study of the optical and
radiative-transfer properties of atmospheric media, such
as aerosols and astrophysical settings. The PDF takes the
standard form
fL(L) =
{
λa
Γ (a)L
a−1 exp(−λL) L ≥ 0
0 otherwise
, a > 1, λ = 1
¯L
(24) for Science 10 (2016) 227–234
where a  and λ  are the distribution parameters that reflect
the participating medium properties. This distribution
leads to the exponential distribution (Case I) if a  = 1.
Then, we can use the RVT with this PDF to obtain the
PDF of the function (Y) as
fY (Y ) =
⎧⎪⎨
⎪⎩
1
Γ (a)
(
λ
k
)a
Y
λ
k
− 1(− ln Y )a−1 0 ≤ Y ≤ 1
0 otherwise
(25)
Therefore, the corresponding average of the function
(Y) can be obtained in the form
E(k; ¯L) = 〈Y〉 = e
2iπa
(1 +  k ¯L)a (26)
The resultant average functions (20), (23), and (26)
will be introduced to perform the comparative statistical
analysis of radiative-transfer properties.
4.  Average  solution
In the case of a non-atomic mix of the transferred
radiation, it is reasonable to use the following identity
for a random variable s  [2]:
〈c1g1(s) +  c2g2(s)〉 =  c1 〈g1(s)〉 +  c2 〈g2(s)〉 (27)
where g1 and g2 are independent functions and c1 and
c2 are constants. Therefore, we can rewrite the average
expressions of the reflectivity 〈R〉 and the transmissivity
〈T 〉 as
〈R〉 = α0
∞∑
n=0
αn1
[
I3Υ
+ 〈e−2nνL〉− I4Υ− 〈e−2(n+1)νL〉]
and 〈T 〉 = α0(I3Υ− − I4Υ+)
∞∑
n=0
αn1
〈
e−(2n+1)νL
〉 (28)
where the average of these exponential functions can be
obtained from Section 3 (Eq. (17)) to have their analytical
average forms:
〈R〉 = α0
∞∑
n=0
αn1
[
I3Υ
+E(2nν; ¯L) − I4Υ−E(2(n + 1)ν; ¯L)
] (29)
and
〈T 〉 = α0(I3Υ− −  I4Υ+)
∞∑
n=0
αn1E((2n  +  1)ν; ¯L) (30)with the average exponential function E(k; ¯L) having a
corresponding form for each case of the above distribu-
tions (20), (23) and (26).
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In addition, the second statistical moments for the
eflectivity
〈
R2
〉
and transmissivity
〈
T 2
〉
can be calcu-
ated as follows. Squaring both sides of both equations
11) gives
R2 =  α20
( ∞∑
n=0
αn1(I3Υ+e−2nνL −  I4Υ−e−2(n+1)νL)
)2
T 2 =  α20(I3Υ− −  I4Υ+)2
( ∞∑
n=0
αn1e
−(2n+1)νL
)2
(31)
Using the mathematical identity
∞
n1=0
∑∞
n2=0φn1+n2 =
∑∞
n=0(n  +  1)φn, which is
alid for each function φn of the integer n, provided
hat the sum is convergent as n→  ∞. Thus, we have the
ollowing mathematical result
∞∑
n=0
Ane−2nνL
)2
=
∞∑
n=0
(n  +  1)Ane−2nνL (32)
Hence, Eq. (31) can be rewritten as
R2 =  α20
∞∑
n=0
(n  +  1)αn1e−2nνL(I3Υ+ −  I4Υ−e−2νL)
2
T 2 =  α20(I3Υ− −  I4Υ+)2
∞∑
n=0
(n  +  1)αn1e−(2n+1)νL
(33)Next, the second statistical moments are obtained
or both reflectivity and transmissivity in terms of the
verage exponential function (17) to have the following
Fig. 1. PC variation of 〈R〉 and 〈T 〉 for the expo for Science 10 (2016) 227–234 231
forms:〈
R2
〉
=  α20
∞∑
n=0
(n  +  1)αn1
[
(I3Υ+)2E(2nν; ¯L)
−2I3I4Υ+Υ−E(2(n  +  1)ν; ¯L)
+(I4Υ−)2E(2(n  +  2)ν; ¯L)
]
(34)
and
〈
T 2
〉
= α20(I3Υ− − I4Υ+)2
∞∑
n=0
(n + 1)αn1E(ν(2n + 1); ¯L)
(35)
5.  Numerical  results  and  calculations
The average of the radiative-transfer properties{〈R〉 , 〈T 〉 , 〈R2〉 , 〈T 2〉} are calculated for different
probability distribution functions (PDF), namely, expo-
nential, Gaussian and Gamma distributions. The external
incident flux is taken as F  = 1. The medium boundaries
have specular reflectivities that vary as 0 ≤  ρsi <  1. The
scattering phase function is considered to be Rayleigh
scattering to investigate the radiative transfer in an astro-
physical setting. A special form of the weight function
is selected to perform the calculations: W (μ) = μ.
The evolutions of the probability content (PC) of the
average reflectivity 〈R〉 and the average transmissivity
〈T 〉 are presented in Figs. 1–3 for ω  =  0.995,  ρsi =  0.5.
Fig. 1a shows the PC variation of the average reflectiv-
ity 〈R〉 versus the average medium thickness ¯L  for the
exponential variability (Case I), while the corresponding
variation of the average transmissivity 〈T 〉 is shown in
Fig. 1b.
nential PDF for ω = 0.995, ρsi = 0.5.
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Fig. 2. PC variation of 〈R〉 and 〈T 〉 for the Gaussian PDF for ω = 0.995, ρsi = 0.5.
 GammFig. 3. PC variation of 〈R〉 and 〈T 〉 for the
The PC variations of the average reflectivity 〈R〉 and
the average transmissivity 〈T 〉 in the case of the normal
Gaussian variability are shown in Fig. 2.
In the case of the gamma probability distribution
function (at a  = 3), the PC evolutions of the average
reflectivity and the average transmissivity are presented
in Fig. 3.
Comparatively, an important statistical dispersion
measure can be calculated and presented graphically, as
Fig. 4. Variation coefficients VC(R) and VC(Ta PDF (a = 3) for ω = 0.995, ρsi = 0.5.
shown in Fig. 4, namely, the variation coefficient (VC)
for both the reflectivity and transmissivity:
VC(R) = σR〈R〉 , VC(T  ) =
σT
〈T 〉 (36)The average of the radiative-transfer properties
(〈R〉 , 〈T 〉) are calculated from Eqs. (29) and (30) and
are presented graphically in Fig. 5. The variation of
the average reflectivity 〈R〉 versus the average medium
) versus ¯L for ω = 0.995, ρsi = 0.5.
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Fig. 5. Evolutions of 〈R〉 and 〈T 〉 versus ¯L for ω = 0.9, ρsi = 0.
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hickness ¯L  is presented in Fig. 5a for ω  = 0.9 and the
ransparent boundaries ρsi =  0. In addition, the corre-
ponding behaviour of the average transmissivity 〈T 〉 is
hown in Fig. 5b. Fig. 5 illustrates the comparative results
or the different PDFs, namely, exponential PDF, normal
aussian PDF, and gamma PDF (with a  = 2, and a  = 4).
Moreover, the second statistical moments for the
eflectivity
〈
R2
〉
and transmissivity
〈
T 2
〉
are compar-
tively illustrated in Fig. 6 for ω  = 0.95 and specular
oundaries with ρs1 =  0.25,  ρs2 =  0.5.
.  Conclusions
This paper described a comparative statistical study
or radiative transfer in a stochastic atmospheric clut-
ered finite medium. It is reasonable to consider Rayleigh
cattering in the case of radiative transfer in an atmo-
pheric setting. The medium is assumed to have
pecular-reflecting boundaries. Random variable trans-
ormation (RVT) is a powerful technique that obtains
he probability-density function (PDF) of the solution
rocess. Assuming that there is no atomic mix of the
ransferred radiation, the obtained independent solu-
ions can be treated separately using RVT to obtain ther ω = 0.95, ρs1 = 0.25, ρs2 = 0.5.
corresponding average. The RVT algorithm inspects a
simple integral transformation to the stochastic inputs (x
or L).
The PDF of the solution process is computed via the
RVT technique whenever the solution can be obtained
as a closed form in the input variables (i.e., the input
and output processes have a one-to-one correspondence).
Therefore, an exponential function Y  = exp(−  kL) is con-
sidered to obtain its corresponding PDF via the RVT
technique among the input random variable (L) and
the output process (Y). The obtained average expo-
nential function E(k; L) = 〈Y〉 is used to obtain the
complete analytical averages for some interesting phys-
ical quantities, namely, reflectivity and transmissivity at
the medium boundaries.
The advantage of the RVT technique for determining
the complete average solution is that, by knowing the
PDF of x  or L, it is easy to deduce the PDF, and con-
sequently the corresponding statistical moments of any
physical quantity depending on x  or L. Although only the
exponential, normal Gaussian and gamma distributions
were considered here, the analysis can be general-
ized to any other statistical distribution, the choice of
which depends mainly on the studied application and
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its medium properties. Previously, the Gaussian distri-
bution was proposed to obtain the averaged solution
[12,13] for a continuously fluctuating media. However,
the situation was more complicated for the other distri-
butions. The RVT approach avoids these complications,
and hence, the distribution of x  or L  is directly specified
and dealt with instead of the extinction function. There-
fore, any distribution can be proposed (and the average
solution can be obtained) according to the stochasticity
of the medium properties (e.g., clouds, aerosols, sooty
air, murky water, and plasma media).
The achievement of this work is the successful anal-
ysis of the radiative transfer in contiguously fluctuating
media via the RVT technique for finite slabs. Our previ-
ous work with RVT was constrained for the half-space
media [4] because of the complexity of obtaining the
corresponding Jacobian of the solution. This constraint
is overcome in this work by considering the non-atomic
mix of the transferred radiation, which enabled us to
operate the RVT technique on the solution functions
separately.
Obviously, the obtained results shown in Figs. 1–3
indicate that the root mean squares σR and σT tend to
zero as long as the medium thickness ¯L goes to infinity.
This result means that there is no room for the stochas-
ticity in R  and T. This, of course, is consistent with the
physical meaning of the problem, which indicates that
the statistical models of the normal Gaussian and gamma
distributions are meaningful statistical models. Fig. 4
showed the comparative results of the important statisti-
cal dispersion measure, namely, the variation coefficient
VC for both the reflectivity and transmissivity.
In addition, the 〈R〉 and 〈T 〉 evolutions are slower in
case of the exponential PDF compared to the cases of
normal and gamma distributions (see Fig. 5). Because
the shape parameter a  for the gamma PDF affects the
variation rate, it is important to select the PDF accord-
ing to the appropriate application. Finally, the second
statistical moments for the reflectivity
〈
R2
〉
and trans-
missivity
〈
T 2
〉
were obtained to illustrate the different
statistical properties of the random functions according
to the fluctuations in the cluttered medium (see Fig. 6).
[ for Science 10 (2016) 227–234
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